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Abstract. Starting from the expression for the superdeterminant of (xf — M), where M is an
arbitrary supermatrix, we propose a definition for the corresponding characteristic polynomial
and we prove that each supermatrix satisfies its characteristic equation. Depending upon the
factorization properties of the basic polynomials whose ratio defines the above mentiored
superdeterminant we are able to construct polynomials of lower degree which are also shown
to be annihilated by the supermatrix. Some particular cases and examples are discussed.

]

1. Introduction

Given any # X n real matrix A, its characteristic polynomial is defined by P{x) =
det(x] — M), where I denotes the # x n identity matrix and x is a real variable. In |
general P(x) = x" + Zz;é cix* is a monic polynomial of degree n. The Cayley-Hamilton
theorem asserts that P(x = -M) = 0. That is to say, if we substitute in P(x) the real
variable x by the matrix M in all the powers x*(k # 0), and set x® = I, we obtain the
matrix zero as the resuit. This is a powerful theorem in the sense that it produces r?
null identities among the matrix elements. The coefficients cx(k # 0) can be writien in
terms of Tr(M), Tr(M?), ..., Te(M*~1) together with their powers and co = det(M). This
thecrem has recently found interesting applications in (2 + 1)-dimensional Chern-Simons
(cs) theories [1]. Pure ¢s theortes are of topological nature and the fundamental degrees of
freedom are the traces of group elements constructed as the holonomies (or Wilson lines,
or integrated connections) of the gauge connection around oriented closed curves on the
manifold. The observables are the expectation values of the Wilson lines which turned
out to be realized as the various knot polynomials known to mathematicians [2]. Since €S
theories are also exactly soluble and possess a finite number of degrees of freedom [3],
another aspect of interest is the reduction of the initially infinite-dimensional phase space to
the subspace of the true degrees of freedom. The Cayley—Hamilton theorem has played an
important rele in the construction of the so called skein relations [4], which are relevant to
the calculation of expectation values, and also in the process of reduction of the phase space.
To illustrate the basic ideas related to this last point let us consider the simple case of two
matrices M; and M, which belong to SL(2, R). In this case the characteristic polynomial
is P(x) = x2 — Tr(M;)x + 1 and we have the Cayley-Hamilton matrix identity

(M) = Tr(M)M; +1 =0, : C (D
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By multiplying (1.1) by MaM[ ! and tracing we obtain the following relation among the
traces )

Te(Ma M) + Tr(My M) = Tr(My) Te(M2) . (1.2)

We recall also that for any SL(2, R) matrix we have Tr(M) = Tr(M "), The expression
(1.2) finds a very useful application in the discussion of the reduced phase space of the de
Sitter gravity in 2 + 1 dimensions, which is equivalent to the Chern-Simons theory of the
group SO(2, 2) [3]. This theory can be more easily described in terms of two copies of the
group SL{2, ), which is the spinorial group of SO(2,2). The gauge invariant degrees of
freedom associated to one genus of an arbitrary genus g two-dimensional surface turn out to
be traces of any product of powers of two SL(2, R) matrices M; and M», which correspond
to the holonomies (or integrated connections) of the two homotopically distinct trajectories
on one genus. Nevertheless, because Chern—Simons theories have a finite number of degrees
of freedom, one should be able to reduce this infinite set of traces to a finite one. This
task can in fact be accomplished by virtue of the relation (1.2). In other words, the trace
Tr(M P MT My P2 M4 L M P M%), for any p;, g; in Z, can be shown to be reducible
and to be expressed as a function of three traces only: Tr(M;), Tr(M>) and Tr(M M) [5].
A simple case of such reduction is to consider Te(MZM>) for example. Here we apply the
relation (1.2) with M, - M, and M, — MM, obtaining

Te(MEMy) = Te(My) Tr(My Mz) — Te(My) . (1.3)

A similar reduction can be performed in the case of 2 4 1 super de Sitter gravity,
which is the Chern—Simons theory of the supergroup Qsp(1)2, C) [6]. The novelty here is
that one is dealing with supermatrices instead of ordinary matrices. In the particular case
considered, a Cayley~Hamilton identity for the supermatrices was obtained in an heuristical
way and a relation analogous to (1.2) was derived. This allowed to carry out the reduction
of the infinite-dimensional phase space, this time in terms of five complex supertraces [7].
We observe that the nonlinear constraints among the traces that need to be solved in order
to accomplish the reduction of the phase space, of which (1.2) is an example, are usually
obtained using the so called Mandelstam identities [8]. The discussion of the relation among
these two alternatives together with the construction of the latter identities in the case of
supermatrices is reported in [9].

In this paper we discuss the general construction of Cayley-Hamilton type identities for
supermatrices. This is an interesting problem in its own, besides the possible applications
in the study of the reduced space in Chern—Simons theories defined over a supergroup. In
section 2 we introduce our notation together with a number of results which will be useful
for our purposes. In this section we also propose a definition of the characteristic and
null polynomials for supermatrices starting from the corresponding superdeterminant. In
section 3 we prove the Cayley—-Hamilton theorem for the polynomials previously defined,
by introducing the analogue of the adjoint for supermatrices. The main results contained in
sections 2 and 3 have been already reported as a letter [10]. They are included here to make
this paper self-contained and also to allow for a more detailed and precise presentation.
Section 4 contains a discussion of some interesting cases together with many specific
examples. Finally, in section 5 we give a short summary of this work emphasizing those
points, that in our opinion, require further developement. There is also one appendix where
some useful results are collected.
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2. The characteristic and null polynomials for supermatrices

We consider a Grassmann algebra A over the complex numbers C, following the notation
stated in the appendix.
A (p-+ ) x (p - g) supermatrix is a block matrix of the form

A B
M=(C D) . 2.0

where A, B,C and D are p X p,p X 4,4 X p,q X g matrices respectively. The
distinguishing feature with respect to an ordinary matrix is that the matrix elements
Mpgs, R = (i, &), §=(j,B) are elements of A with the property that 4;; G, j = 1,...p)
and Dyg (@, 8 = 1,...4) are even elements, while B;, and Cg; are odd elements of the
algebra. In particular this means that such numbers satisfy

BiaBjg = —BjgBia CoiCpj = —CpiCui B Cpj = —Cgj Bia 2.2)

while 4;; and D,z commute with everything.

Let us récall that the ordinary matrix addition and the ordinary matrix product of two
supermatrices is again a supermatrix. Nevertheless, such concepts as the trace and the
determinant need fo be redefined, because of the odd component piece of the supermatrix.

" The basic invariant under similarity transformations for supermatrices is the supertrace,
defined by :

Str(M) = Tr(A) — Te(D) (2.3)

where the trace over the even matrices is the standard one. An important property of the
above definition is the cyclic identity Str(MyMa) = Str(My M), for arbitrary supermatrices,
which is just a consequence of the relative minus sign in (2.3). The generalization of the
determinant, called the superdeterminant, is obtained from (2.3} by defining

SIn(SdetM) = Str(M~15M) (2.4)

with appropriate boundary conditions. In this compact notation we are summarizing the
(p +g)? relations which give the partial derivatives of the function In(SdetM) with respect
to the entries Mps of the supermatrix, in terms of the elements of the inverse supermatrix
M~!. For example, dln(SdetM)/8M;; = (M~");; for the even indices i, j. These first
order partial differential equations are subsequently integrated under the boundary conditions
Sdet] = 1, where [ is the unit supermatrix, to produce the following equivaient two forms
of calculating the superdeterminant [11]

det(A — BD'C) _ detA

= , @
" detD det(D — CA-1B) @3

Sdet(M} =

All the matrices involved now are even in the Grassmann algebra and det has its usual
meaning. The superdeterminant inherits the basic property Sdet(MiMz) = Sdet(MaM;)
and requires detD s 0 and detA # O in order to be defined. An explicit demonstration of
the equality of the two alternative ways of calculating Sdet(M) is given in [12].

In order to proceed we introduce a(x)} = det(xJ — A) and d(x) = det(x] — D), which
are the characteristic polynomials of the even matrices A and D.

Starting from the two alternatives (2.5) of calculating the superdeterminant we find it
convenient to state the following:
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Lemma 2.I. For any (p + q) x (p + g) supermatrix M, the characteristic function
h(x) = Sdet(x] — M) can be written as

F(x) F(x)

"= Em T @ 28)
where the basic polynomials F, G, F and G are given by
F(x) = det(d (x)(xJ — A) — Badj(xI — D)C) G(x) = (d(x)PH (2.7a)
F{x) = (a(x))?* G(x) =det(a(x)(xI — D) — Cadj(x] — A)B). (2.7b)

Proof. The above expressions are obtained from (2.5) using the relation (x7 - @)~ =
[det(x — 01 'adj(x] — Q) valid for any even matrix 0. Notice that F is expressed in
texrms of the determinant of a p x p even matrix, while G(x) is the determinant of a g x g
even matrix.

In order to motivate the basic idea of our definition for the characteristic polynomial
of a supermatrix let us consider the simple case of a block-diagonal supermatrix M (ie.
B =0,C = 0). Here h{x) = a(x)/d(x) and clearly the characteristic polynomial is
P(x) = a(x)d(x), which is the product of the numerator and the denominator of the
corresponding superdeterinant. In fact we have

(a4 O a4 0\ _
P(M)—( o a(m)( o d(D))=o (2.8)

because a(A) = 0,d(D) = 0. In the general case where h(x) is given by (2.6), the
numerator of the superdeterminant is F (F) while the denominator is & (&), which motivates
the following:

Definition2.1. For an arbitrary {p-g) X {p+¢q) supermatrix M we define the characteristic
polynomial

Pix) = F(x)G(x) = Fx)G(x) (2.9)

where the basic polynomials ¥, G, F, and G are given in (2.7).

The fact that we choose to define P(x) in this manner instead of either P(x) =
F(x)G(x) or P(x) = F(x)G(x) can only be justified a posteriori. Using (2.7) we
obtain that P(x) = a(x)?+'d(x)?*!. For notational simplicity we will not necessarily write
explicitly the x-dependence on many of the polynomials considered in the sequel.

In the block-diagonal case where a{x) and d(x) have a common factor f(x)

a(x) = f(x)ai(x) d(x) = f(x)di(x) (2.10)

the characteristic polynomial is given by P{x) = f(x)a) (x)d;(x), which is a polynomial of
lower degree than the product a(x)d(x). Motivated by this fact together with the work of
[13], we have realized that there are some cases in which we can construct null polynomials
of lower degree than P(x), according to the factorization properties of the basic polynomials
F,G, F,G. Atthis point it is important to observe that we do not have a unique factorization
theorem for polynomials defined over a Grassmann algebra. - This can be seen, for example,
from the identity x2 = (x 4+ «)}(x — &), where & is an even Grassmann with o2 = 0. The
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construction of such null polynomials of lower degree starts from finding the divisors of
maximum degree of the pairs F, G, (F, G) which we denote by R(S) respectively. This
means that one is able to write

F=Rf G=R§ F=5f G =3Sg 2.11)
where all polynomials are monic and also f . &, f, g are of least degree by construction.
They must satisfy )

Flg=flg . - 2.12)

because of (2.6) and the expressions in (2. 11) might be not unique. Let us observe
that in the case of polynomials over the complex numbers (2.12) would imply at most
f = Af,g = Ag with A being a constant. Since we are considering polynomials over a
Grassmann algebra this is not necessarily true as can be seen again in the above mentioned
identity x/(x — &) == (x < &)/x, which we have rewritten in a convenient way. The above
discussion leads us to the following:

Deﬁmnon 2.2. Given an arbitrary (p+¢) X (p -+ ¢) supermatrix M, with a characteristic
function 2(x) such that ¥, & have a common factor R(F=R f G = Rg) and F, G have
a common factor § (F = §f, G = Sg), we define a null polynomial of M by

P(x) = f(x)g(x) = F(DEWX). . @13)
" The above polynomial is clearly of lower degree than P(x), which is just a particular

case of the null polynomial (2.13) when R = § = 1. We will concentrate mostly on
definition 2.2 in the sequel.

3. The Cayley—Hamilton theorem for supermatrices

Part of our sirategy to prove such a theorem for the polynomial introduced in definition 2.2
is based on one of the standard methods to prove the Cayley-Hamilton theorem for ordinary
matrices [14]. We briefly recall such a procedure and emphasize that it is independent of
the matrix considered being a standard matrix or a supermatrix.

Lemma 3.1. Let M, (xI — M) and N(x) be (p + q)->< (p + g) supermatrices where
M is independent of x € Ag, with N(x) being a polynomial supermatrix of degree
(n—1), N(x) = Nox" ' + Nx"2 + ... + Nuyx9, (where each Ntk = 0,...,n— 1)
is a (p +4g) x (p + g) supermatrix independent of x) such that

(xI — M)N(x) = P(x)I (3.1)

where P(x) = pox" 4+ p1x"1 +-- -+ p,x® is a numerical polynomial of degree n over Ag,
thern P(M) = pgM" -+ .-+ pof =0.

Progf. The proof follows by comparing the independent powers of x in (3.1} and then
explicitly computing P (M) [14].

In the standard case the matrix N(x) is just given by N(x) = adj(x! — M) =
det(x — MY(xI — M)~!, and P(x) = det(x] — M). In the case of a supermatrix we
do not have an obvious generalization either of the polynomial matrix adj(xf — M) or of
det(x] — M). Nevertheless, following the analogy as closely as possible we define

N(x) = Pl — M) (3.2)

where P(x) is the polynomial introduced in definition 2.2 of the previous section. The
challenge now is to prove that N (x), which trivially satisfies (3.1),-is indeed a polynomial
matrix, In this way we would have proved that P(M) = 0, according to lemma 3.1.
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Lemma 3.2. Let M and (x7 — M) be {(p + q) x (p + q) supermatrices, x € Ay, then

1 aF 1 3G
I—-M) = ae— I-M)y == 33
& ) FaA; (x a G aC,; (3-32)
1 8F 1 3G
Myl == i} IV o Sl
(x] M)w 73 B (xr M)ﬂﬁ G3Dm (3.3h)

where Aji, Bja, Cyj and Dgg are the entries of the supermatrix M defined in (2.1) and

F, G, are the polynomials given in (2.7). The c_[erivative with respect to an odd Grassmann
number is a left derivative defined such that §F = 8B;,dF /3 B;,.

Proof. 'The first step is to calculate (xZ — M)~! in block form, with the results

(xI = M)} = ((xI — A)— B(xI - Dy~ C)™! (3.4a)
(I — M)} = —(xI — A)7'B((xI — D) — C(xI — A)~'B)™! (3.4b)
(xI — M)3! = ~(x] — DY C((xI — A) ~ B(xI — D)~'C)™* (3.4¢)
xl — M)z = ((xI ~D)— C(xI — A5 (3.4d)

where the subindices 11, 12, 21 and 22 denote the corresponding p X p, p X ¢, g x p, and
g x g blocks respectively. Let us concentrate now in the 11 block. Rewritting all the inverse
matrices in (3.4a) in terms of their adjoints together with the corresponding determinants
we obtain

d
Gl — MY = Fadi((e — A)d ~ Badj(x! - D)C). (3.5)
Using the basic property

ddetQ = Tr(adjQs @)

valid for any even matrix Q, we calculate the change of F with respect to A;;, keeping
constant afl other entries, abtaining

§F = —d[adj((x] — A)d — Badj(xI — D)C)ii8 A 3.7
which can be written as '
aF X .
YV —d[adj(x] — A)d — Badj(x] — D)C)l;; . (3.8)
71

The comparison of (3.8) with (3.5) completes the proof of the first relation in (3.3@). The
corresponding proof for the remaining equations (3.3) is performed following a similar
procedure.

Notice that the conditions for the existence of (xI — M)~ are the same as those for the
existence of Sdet(xf — M) and they are det{x/ — A) 5 0 and det(xf — D) # 0. Since x is
a generic even Grassmann variable we will assume that this is always the case. By virtue
of these assumptions the term ((xI — A) — B(xI — D)~1C)~!, for example, can always
be calculated as (I — (xI — A)~1B(xI — DYy"1)C)~Y(xI — A)~!. The factor on the left
can be thought of as a series expansion of the form /(1 —=2) = 1 +z + 2>+ ..., with
z = (xI — A)"'B(xI — D)~'C. Moreover, the series will stop at some power because zis
a matrix with body zero and thus is nilpotent.

Now we come to the principal result of this paper, which we state as the following:
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Theorem 3.1. Let M and (xI — M) be (p +¢g) x (p + g) supermatrices, x € Aq, then
N(x) = P(x)(x] — M)~!, with P(x) given in definition 2.2, is a polynomial matrix.

Proof. Let us consider the block-element 11 of N{(x) to begin with. According to
lemma 3.2 together with (2.11), this block can be written as

(3.9

The first term of the RHS is clearly of polynomial character. In order to transform the second
term we make use of the property

=0=
dA; . oAy = 04y

G AlnR  8lng
- - 2t e (3.10)

which follows from the factorization G = R, together with the fact that G is just a function
of Dys, according to (2.7a). In this way and also using (2.12), we obtain

g 8f . ..
Ny= fri rvat sy el ) (.11
which leads to the conclusion that the block-matrix ¥;; is indeed polynomial, The proof for
Ny runs along the same lines, except that now the derivatives are taken with respect to B,
and that we have to use Blné/’aB,-a = 0, instead of (3.10). The remaining terms Ny, and
Ngp can be dealt with in an apalogous manner by considering the derivatives of G = S§g
with respect to C; and Dpg,, and by replacing the condition (3.10) by dInF/3Cy; = 0 and
3InF /8 Dg, = 0 respectively. The results are again of the form (3.11), the only difference
being the variables with respect to which the derivatives are taken.

Finally, using theorem (3.1) together with lemma (3.1) we can state the following
extension of the Cayley—Hamilton theorem for supermatrices:

Theorem 3.2. Let M and (xi — M) be (p +¢) X (p+ q) supermatrices, x € Ag, with
Sdet(x] — M) = F/G = F/G, where the polynomials F,G,F and G are given in
(2.7). Then, for any common factor R such that ¥ = Rf,G = Rg and § such that

F = Sf,G = Sg, where f/§ = f/g, the polynomial P(x) = f(x)g(x}) = f(x)&(x)
annihilates M, ie. P(M) =

4. Particular cases and specific examples

In this section we consider some distinguished cases and some particular examples of null
polynomials of minimum degree for supermatrices, constructed according to the definitions
given in section 2. Our general procedure for constructing such null polynomials is based
on the factorizaton properties of the polynomials #, G, F and G introduced in section 2.
The work of [13] shows that these factorization properties are closely related to those of the
characteristic polynomials a(x) and d(x) corresponding to the even blocks of the supematrix.
At this point-we emphasize that when dealing with polynomials over a Grassmann algebra,
the existence of a maximum common divisor of two polynomials is not in one-to-one
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corresponence with the fact that these polynomials are not co-prime. In fact, we will
exhibit a simple example of two polynomials which are not co-prime and nevettheless do
not itave a common factor. In this section we will shift the emphasis to the factorization
properties of a(x) and d(x) and we will consider three cases: (1) the polynomials ¢ and
d are co-prime, (2) the polynomials a and d are not co-prime but do not have a common
factor and finally (3) both polynomials are not co-prime and have a maximum common
divisor.

4.1. The polynomials a(x) and d(x) are co-prime

This case has been thoroughly discussed in [13] in relation with the factorization properties
of 2(x). Theorem (3.9} of this reference proves that the characteristic function ~ can be
written in the unique irreducible form

hx} =(a+r}/{d+1) “.1)

where r and ¢ are even polynomials with body zero which have the property deg(r) < deg(a)
and deg(?) < deg(d). The two basic steps that lead to (4.1} are, in the first place, the
possibility of writing

F=qad? +u G=a%d+v (4.2)
together with the factorization

F=(a+r)d" +1) (4.3a)
G =(d+@ +r) : (4.3b)

where all polynomials u, v, 7, #,t,¢' have body zero and deg(u) < p(g + 1),deg(v) <
g(p + 1),deg(t) < pg,deg(r) < p,deg(r’} < pg,deg(t) < g. The expressions (4.2)
are just the expansions of the corresponding polynomials in (2.7) in terms of powers of
the odd Grassmann numbers B;, and Cg;, while the expressions (4.3q) and (4.35) are a
consequence of corollary (3.8) of [13], which we have included in the appendix for further
nse. The second step arises from comparing the two ways (2.6) of writing A(x) and using
the factorization lemma 3.4 of [13], also included in the appendix. In this way one obtains
that -

F=a""' = (@a+r)a?+r) (4.4a)
G=dPl =(d+dP +1). (4.4b)
The use of (4.3) and (4.4) in any expression (2.6) leads directly to the form (4.1) for 2(x).

Our result, in the case where a(x) and d(x) are co-prime, is the following expression for
the null polynomial of minimum degree

Px)=(@+r)d+r . (4.5}
according to theorem (3.2). Besides giving all these existence theorems, we can find in [13]

what the authors call a modified Euclidean algorithm, which in fact allows us to explicitly
perform the reduction in (2.6) thus obtaining the irreducible expressions appearing in (4.1).
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4.1.1. (141} x (1+1) supermatrices. This is the simplest example of the case (4.1) and
corresponds to the choice

p o
M= 4.6

(ﬁ Q) “8
with 7 = g in such a way that a = x— p and d = x —g be co-prime polynomials, according
to lemma 3.3 of [13]. The bar over a number denotes its body. Here we have

=E-Qkx—p—af G=@-g)’
4.7

= (x — p)? G=Gx—-q)x—p)+ab.

The modified Euclidean algonthm of [13] applied to each pair F, G (F, G) leads to
the following factorizations

(4.8)

pe(smpt ) (s 22)
L B q—p

opf wf
G=|x— -p—
(x q+9_P)(x i ‘I“"‘P)

which allow the identifications r = —t' =t = ~r' = ef/{g — p), sincé these polynomials
are of degree zero in this case. Here we have R = (x ~g —ef/(g—p).S=(x— p —
af/(g — p)) together with f = f =x—p+af/(g—p)andg =g =x —g+aB/(g— p)
in the notation of section 2. The null polynomial of minimum degree is then [10, 15]

2«%5) (g+p)
p - _ P . L 4.9
(x)= fg=x* x(p+q g + pq @ p)a'ﬁ 4.9)

where we can verify by direct substitution that P(M) =

4.1.2. Osp(1{2; C) supermatrices. Another example of this kind corresponds to the case of
supermatrices belonging to the supergroup Osp(1]2; C), which are relevant to the discussion
of the reduced phase space in super de Sitter gravity in 2 + ! dimensions [6, 7]. Here we
consider (2+ 1) x (2 4 1) supermatrices so that the factorization properties involved are a
particular case of the example presented in [13].

The supermatrices M belonging to Osp(1|2; C) are such that

¢ 10 _
MTHM =H H=(—1 0 0) (4.10)
. : 6 01

where T denotes the supertransposed and H the orthosymplectic supermatrix. The above
supermatrices can be parameterized in the following way: '

(A ¢ C(m) S
R
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with x1, x; being arbitrary odd Grassmann numbers and ¢ denoting the standard transposition.
The condition (4.10) translates into the following constraints over the remaining matrix
elements

o =8EA a=l+xx, detA=1-xx, (4.12)

where E denotes the 2 x 2 antisymmetric block of H in (4.10). We assume Tr(4) £ 2 in
otder that a and d be co-prime polynomials. In the notation of [13], the unique irreducible
expression for the characteristic function is

h= (P +ax + o)/ (x +0o3) (4.13)

where the expressions for o;(f =.1,2,3) ate obtained there by applying the modified
Euclidean algorithm and are given in explicit form. Substituting our particular values for
the supermatrix elements we obtain

o =-1—-8aM o=—03=1 4.14)

in such a way that the null polynomial of minimum degree, given by the product
(x2 +oyx + 02)(x +a3), is [7]

P =5 —2+SeMEE—x)—1. (4.15)

4.2, The polynomials a(x) and d(x) are not co-prime and do not have a common factor
An example of this kind is provided by the (1 + 1) x (1 + 1) supermatrix

c 0
M=(0 0) (4.16)

where ¢ is an even element of the Grassmann algebra such that & = 0 and 6 = 0. In
this case our procedure will produce a family of null polynomials. Here, @ = x — o and
d = x which are not co-prime polynomials according to the definition of [13], because the
ideal generated by a and 4 is mot the whole ring of even polynomials over the Grassmann
algebra, In particular, it is not possible to find polynomials P, O such that 1 = Pa + Qd.
The basic reason for this is the impossibility of dividing by &. Again, we emphasize the
unintuitive fact that even though @ and d are not co-prime polynomials, they do not possess
a common factor. The basic polynomials are

F=x(x—0o) F=(@x—-0)P=x*-2xo G =x* G=x(x—0) (417

and we need to consider the corresponding factorization properties. It is obvious, for
example, that F and G have x as a common factor. Surprisingly, this result can not be
obtained by applying the Euclidean algorithm (or the modified Enclidean algorithm) to F
and G. The problem is that the first reminder has body zero, so that we cannot go on to
the second step which requires dividing by this remainder, Besides, the non-existence of a
unique factorfzation theorem is clearly shown here in the identity x2 = (x 40 )(x — 20,
with z being an arbitrary complex number. Choosing z =-1 leads to the conclusion that
F and & have two common factors of maximurn degree which are x and (x — o). The
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same happens with F and G. Thus; after each cance]latlon is made, we are left with four
possible combinations of the reduced ratios

ﬁ = £ i,i=12 (4.18)
8 & -

where

fisx—e'  h=r fi=x-=o | fi=x-20

Br=x f=x+0 gi=x g2=x—0.
For each possibility one can verify that (4.18) is indeed correct. According to theorem (3.2)
we obtain four null polynomials given by P;(x) = f;g;. They are

2

P“ =x2—0'x Plz =x2—20x Py =x P22 =x2—ax. (420)

Since any linear combination of the above polynomials will be also annihilated by the
supermatrix, we finalty obtain two basic null polynomials which are

2 P=ox. : © @21

P=x
4.3. The polynomials a(x} and d(x) are not co-prime and have a common factor

Here we consider the case where a(x) and d(x) have a maximum common divisor k(x).
That is to say we write )

a(x) = k(x)ay (x) d(x) = k(x}dy (x) 4.22)

where a; (x) and d;(x) are co-prime polynomials. We discuss the following two cases: (1)
k and a; together with & and &; are co-prime polynomials and (2) & is not co-prime with
a; and/or d; . Each of the polynomials that we have introduced is monic. This constitutes
an extension of the discussion in [13] and the next step is to consider the new factonzatlon
properties of the polynomials F, G, F;G.

4.3.1. The polynomial k(x) is co-prime with a;(x} and d;(x). We begin by writing
F=@d! a1+ 7) G =k*df F =k%a? G=kBal a1 +2) 4.23)

where ¥ and Z are polynomials with body zero and A = p+ 1, B = g + 1. Using the
factorization lemma 3.6 of [13] with respect to each of the prime polynomials involved we
can write F and G in the following way

F=(*+ A+ D)@ +1) G=0"+Z)@ + I+ 2Zs)  (424)

where ¥;, Z;,{ = 1, 2, 3 are body-zero polynomials. Using lemma 3.4 of [13] together with
the fact that &, d;, and a; are co-prime in pairs, we can show that the above factorization
is unique. The condition FG = FG and another use of lemma 3.4 leads to the foIlowmg
identities

B4R = kA 1+ Y(KE 4+ Zy) | , (4.25a)
dff = (df™ + Vo)dr + Z3) : (4.25b)
af = @P ! + Zo)a + ¥3). (4.25¢)
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In this way we can identify the basic factorizations (2.11) by writing

R=@@{ + 1) S=(af"'+2Zy) f=0*+1)a + ¥a)
(4.26)

f=ka +13) g =k d + Z3) g= &2+ Z\){di + Z3).

Let us observe that the relation fg = f§ is immediately realized by virtue of (4.25a).
Following the general procedure and modulo accidental cancellations that could occur in
(kA + Y1)/ kA or k8 /(k® + Z1) for example, we identify

Px) = kB (a; + ¥3)(dy + Z3) 4.27)

as the null polynomial of minimum degree in this case.
A simple specific example of the above case jis provided by the following (2-+2) x (2-+2)
supermatrix

0 0 0 o

_ 0 1 [2.5] 0
M=|o o 21 o (4.28)

[+ 4} 0 0 0

where o], &3 are odd Grassmann numbers and we define o = oa2, such that 02 = oy =
ooy = 0. Here A = B = 3. The basic characteristic polynomials are a(x) = x(x — 1) and
d(x} = x(x + 1) so that we identify

k=x a=x-—1 d=x+1 4.29)

which are indeed co-prime in pairs. The basic polynomials are

F=xx+10 - +ox(x+1) F=x@x-1°

“ (4.30)
G=x@x+1)° G=x}x - D +1)—ox(x —1).
The induced factorization properties (4.25) are
$= @@ - o) @+’ =(G+1?- %(x +1) (x+1+ %)
(4.31)

-1 =(=D*+2G-D) (x-1-3)

from where we can read off the values for Y;, Z;. This, together with (4.24) and (4.30),
allows to verify the factorization properties of F, G, F, G. In this particular example we
have accidental cancellations in such a way that

R=x(x+Dx+1—-0/2) S=x(x—=1Dx—-14+0/2) (4.32)

each of which differs from the corresponding expression in (4.26) by an extra factor of x.
The null polynomial of minimum degree is then

Pa)=x5+ox® —x* (4.33)

which is of degree six instead of eight, due to the above mentioned accidental cancellations.
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4.3.2. The polynomial kix} is not co-prime with a;(x) and/or d;(x). We can extend the
previous case (4.3.1) by writing the maximum common divisor k(x) as

k(x) = kokaka 4.34)

which explicitly displays the further factorization properties involved according to the
following procedure. Once k has been identified, it is written as the product of its minimun
degree factors, which are subsequently rearranged according to the following convention:
those having a common factor with ay(d;) but not with 4, (a,) are called &, (k;) respectively
while all the remaining factors are included in kg, We further demand that ko, ka1 and kydy
be co-prime in pairs. The previous case corresponded to &k, = ks = 1. Again, we start from
the expressions (4.23) where k is substituted by (4.34) and we look for the factorization
properties analogous to (4.24). Here one must be careful enough in keeping together any
product of powers of %, and a; or k; and 4, because the members of each pair are not
respectively co-prime. In this way we obtain :

Fe=@d+ P00 + DY+ ¥ G =G +Z06Fa™ + Z)Gkjd + Zs)
i {(4.35)

where ¥;, Z;, i = 1,2, 3 are body zero polynomials. Using the identity FG = FG together
with lemma (3.4} of [13] we extend the factorization properties (4.25) to

kST = (ke + i) (kg + Z0), ' (4.362)
KPRt = (faf + D)kl d + Zs) 0 (4.36b)
EAER = (1Balf T+ ) Ula + Ta). ' T (4360)

This timé we are not able to directly write ¥, G, F, G in the way prescribed by (2.11).
Instead we can only arrive at the following general expressions

F=TH G=Tgk! i} F=Ufik]/k? G=Ug fiei = A&
) 437

where

T=ldi 1+ 1) U= kBl + 2y fi = & + PyElay + T3)
_ - _ ) (4.38)
fi =k Gela + 1) g =k{t(kEd + Z5) g1 =&+ ZWEd + Z3).

The equations (4.38) are the generalizations of (4.26) and we verify that ﬁgl = fig is
satisfied in virtue of (4.36a). Two remarks are now in order: (i) the form (4.37) of writting
F and & is rather unpleasant because it does not clearly exhibit the polynomial character of
these functions. Nevertheless we know that the products T'g; and U fi can be divided by &£
and k2 respectively according to the factorization equations (4.365) and (4.36¢); (ii) the fact
that we are not able to write F, G, F, G in the form of (2.11) means only that the method
employed does not allow the general identification of a maximum common divisor in each
case, as it happened previously. Nevertheless, the form (4.37) for the basic polynomials
can still be used to construct a null polynomial according to the ideas of section 3. The
definition of the null polynomial in this case is

P{x) = koky fig (4.39)
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and the proof that P (M) = 0 follows exactly the same steps as in theorem 3.2, with the only
difference that the matrix N(x) = P(x)(xI —M)~! is constructed with the above P(x). Let
us remind the reader that we only need to prove that N {x) is a polynomial supermatrix. Let
us consider the 11 block of the supermatrix N(x). Using lemma 3.2 together with (4.39)
and the expression for F in (4.37) we can write

3 fi _kakdglfl ar

Ny = ~kqk, .
i akd &1 3Aj,' T aAji

(440

The first term of the RHS is clearly of polynomial character. In order to transform the second
term we make use of the property

8InG _ . _ dnT _ dlng Blnkd
0Ap  BA;  dAp

(4.41)

which follows from the factorization (4.37) of G, together with the fact that G is just a
function of Dyg, according fo (2.7z). In this way and using the last relation (4.37) we
obtain

3 afi dka Bka
Ny = ke f o — ke ol + 0+ Dpifikeggs — @+ Dafikegs 64D
ji J'

which leads to the conclusion that the block-matrix A is indeed polynomial. The proof
for the remaining blocks of N(x) follows along similar arguments. The final conclusion is
that N(x) is indeed polynomial thus leading to P{M} =0.

Finally we present an specific example of the previous case. Let us consider the
(2 +2) x (2 2) supermatrix ’

[ =

0
0
. (4.43)
0

ocof o
cool

o2
with & = eaz as previously introduced. Now we have a(x) = x(x — 1) and d(x) = x2,

with A = B = 3. The maximum common divisor is £ = x and our conventions to denote
the factors of &k leads to

o=k, =1 ki=x a =x-1 d=x. (4.44)
The basic polynomials are

F=x(x~1)—0ox’ F=x@-1° G =x° G =x*(x—14ox*(x—1).

(4.45)

I
s

In this case, the factorization (4.36a) does not occur and the remaining ones are

=@ +ox}x+ 1) —oxix+1) k=1 =x—-1*+o@x—D)x—1~0)
(4.46)
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which correspond to (4.365) and | (4.36¢) respectively. From these expressions we can read
off the polynomials ¥3, ¥s, Zg, Z» and verify the factorizations (4.35) for ¥ and G with
the understanding that (k‘”‘ 4 Y1) and (kB + Z;) should be replaced by one. Going back to
(4.38) we find

T“—-x3(x2+a(x+1)) U=0x—-1¥x—1+0)

i 4.47)
A=fi=x—-1-0 Fr=g =20 -o(x+1)
and the null polynomial (4.39) is given by
P(x)=x% —x3(1 +20) + ox®. (4.48)

It is interesting to observe that accidental cancellations which occur in this case, that
we are not able to describe in general, allow us to rewrite the expressions (4.37) exactly in
the form (2.11), (2.12) with the following identifications

R=x*x"+o(x+1) S=x*x—1Dx—1+0)
} (4.49)
F=f=x(x—1—0) §=g=x2—a(x+1).

In this way we can find another null polynoxmal of degree lower than (4.48), which is
given by

Pi(x)=fg=x*—(1+20) +ox. (4.50)

The simple form of the supermatrix (4.43) permits a direct verification that Py (M) =0

5. Summary

Given an arbitrary supermatrix A and starting from Sdet(x! — M), which is naturally
written as a ratio of polynomials, according to (2.6) and (2.7), we have introduced two
types of null polynomials in definitions 2.1 and 2.2. We have also proved that each of
them is annihilated by M, thus providing an extension of the Cayley-~Hamilton theorem for
supermatrices in theorem 3.2, At the level of some particular cases we have also extended
some results of [13] by giving a constructive procedure to produce the required factorizations
peeded to construct what we have called null polynomials of minimim degree, for the case
where a(x} and d(x) have a common factor.

In order to put our work in the right perspective and to suggest some possible lines
of further research, we now make a few comments. We have called ‘characteristic’ the
polynomial P(x) introduced in definition (2.1), because it is the one that can be directly
associated with an arbitrary supermatrix, independently of the factorization properties of
the numerator and denominator of Sdet (xf — M). Nevertheless, this polynomial carries
very little information regarding the odd blocks of M and so far we have not studied to
what extent it really characterizes the supermatrix. Qur guess is that the null polynomials of
minimum degree, given in definition 2.2 and emphasized in the examples, will be much more
effective in this respect. Nevertheless, we are still lacking a completely general procedure
or classification to determine when there would exist 2 maximum common divisor of the
polynomials #and G (F and G) that are the building blocks of Sdet(x — M). Since these
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minimum degree polynomials are not necessarily unique, we should also provide a criterion
for selecting as many of them in order to completely characterize the supermatrix. One
of the main points that should be clarified from an operational point of view when trying
to answer the above questions is the relation between the property that two polynomials
are or not co-prime and the property that they have or do not have common factors. In
the case of polynomials over a Grassmann algebra there are three possibilities: (i) two
polynomials are co-prime and they do not have a common factor, (ii} two polynomials are
not co-prime and they have a maximum common divisor that can be calculated in the usual
way using the Euclidean algorithm. Contrary to the standard case of polynomials over the
complex numbers, where only these two alternatives are found, we have in our case a third
possibility: (iii) two polynomials are not co-prime and nevertheless they do not have a
common factor. It was precisely this case, when considered in our simple example (4.2)
at the level of a(x) and d(x), which led to some unusual properties like ¥ and G (F and
() having two maximum common divisors none of which counld be obtained by using the
Buclidean algorithm. From our point of view, it is clear that these matters require further
understanding,
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Appendix

We consider a Grassmann algebra A over the complex numbers €. Any element 2 € A
is a sum of the body & € C plus the nilpotent element s(a) called the soul. The ring of
polynomials over this Grassmann algebra is denoted by Ag[x] and consists of all polynomials

f)=ax* +ax" +---+a,

where a; are even elements of the Grassmann algebra. The set of nilpotent elements of
Aplx] is denoted by @ = s(Ao)(x]. The Grassmann algebra A is generated by an infinite
number of odd generators £4. Nevertheless, when dealing with an specific supermatrix we
consider only superfunctions of the given supermatrix elements. These elements will have
an expansion in terms of the basis {£4}, which is not relevant for our purposes [16].

Here we collect some basic results of [13] which we have used in this work. As far
as possible we follow the notation and conventions of this reference and also we use their
numeration for the respective lemmas and corollaries.

Two polynomials § and T in Aglx] are co-prime if the ideal generated by S and T is
the whole ring Agfx].

Lemma 3.4, Let S, T, 8, T, in Aglx] and suppose § = §,,T = T, with § and T being
co-prime. ST = SiTithen S =1+ R)Sand T} = (1/1+RNT with Re & If
morzover S and S are monic, then §= 8, and T = T}.
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Coroliary 3.8. Let § and T be co-prime monic polynomials in Ag[x] and Jet R be
in @ such that deg(R) < deg(ST). Then there exist R; and R» in @ such that
ST + R = (5§ 4 R1)(T + Ra), with deg(Ry) < deg(S) and deg(R;) < deg(T).
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